In his fundamental work, Quillen developed the theory of the cotangent complex as a universal abelian derived invariant, and used it to define and study a canonical form of cohomology, encompassing many known cohomology theories. Additional cohomology theories, such as generalized cohomology of spaces and topological André-Quillen cohomology, can be accommodated by considering a spectral version of the cotangent complex. Recent work of Lurie established a comprehensive ∞-categorical analogue of the cotangent complex formalism using stabilization of ∞-categories. In this paper we study the spectral cotangent complex while working in Quillen's model categorical setting. Our main result gives new and explicit computations of the cotangent complex and Quillen cohomology of enriched categories. For this we make essential use of previous work, which identifies the tangent categories of operadic algebras in unstable model categories. In particular, we present the cotangent complex of an ∞-category as a spectrum valued functor on its twisted arrow category, and consider the associated obstruction theory in some examples of interest.
and structures, which can be organized by means of abstract homological algebra. In his seminal book [Qui67] , Quillen pioneered a way of not just reorganizing homological algebra, but also extending it outside the additive realm. This allows one, in particular, to study cohomology groups, the objects one takes cohomology of, and even the operation of taking cohomology itself, all on a single footing. In Quillen's approach, the homology of an object is obtained by deriving its abelianization. More precisely, given a model category M, one may consider the category Ab(M) of abelian group objects in M, namely, objects M ∈ M equipped with maps u ∶ * M → M , m ∶ M × M → M and inv ∶ M → M satisfying (diagramatically) all the axioms of an abelian group. Under suitable conditions, the category Ab(M) carries a model structure so that the free-forgetful adjunction
is a Quillen adjunction. Given an abelian group object M ∈ Ab(M) and an integer n ≥ 0, Quillen defined the n'th cohomology group of X with coefficients in M by the formula
In particular, all Quillen cohomology groups of X are simple invariants of the derived abelianization LF(X) of X: one just takes homotopy classes of maps into the linear object M .
The universality of the constructions X ↦ F(X) is best understood on the categorical level. Recall that a locally presentable category C is called additive if it is tensored over the category Ab of abelian groups. In this case the tensoring is essentially unique and induces a natural enrichment of C in Ab. If D is a locally presentable category then the category Ab(D) of abelian group objects in D is additive and the free abelian group functor D → Ab(D) exhibits Ab(D) as universal among the additive categories receiving a colimit preserving functor from D. We may therefore consider Ab(D) as the additive category freely generated from D. In this sense the free abelian group functor (and consequently the classical notion of Quillen cohomology which is based on it) is uniquely determined by our notion of what an additive category is, which in turn is completely determined by its universal example -the category of abelian groups.
In the case of simplicial sets, LF(X) is given by the free simplicial abelian group ZX generated from X. The classical Dold-Thom theorem then shows that Quillen cohomology reproduces ordinary cohomology and more generally, ordinary cohomology with coefficients in a simplicial abelian group. The quest for more refined invariants has led to the axiomatization of generalized homology and cohomology theories, and to their classification via the notion of spectra. The passage from ordinary cohomology to generalized cohomology therefore highlights spectra as a natural extension of the notion of "linearity" provided by simplicial abelian groups. Indeed, all generalized cohomology groups of a space X are now determined not by ZX, but by the free spectrum Σ ∞ + X generated from X, also known as the suspension spectrum of X. The passage from simplicial abelian groups to spectra is a substantial one, even from a homotopy-theoretic point of view. Indeed, in homotopy theory the notion of a spectrum is preceded by the natural notion of an E ∞ -group, obtained by interpreting the axioms of an abelian group not strictly, but up to coherent homotopy. It then turns out that specifying an E ∞ -group structure on a given space X 0 is equivalent to specifying, for every n ≥ 1, an (n − 1)-connected space X n , together with a weak equivalence X n−1 ≃ → ΩX n . Such a datum is also known as a connective spectrum, and naturally extends to the general notion of a spectrum by removing the connectivity conditions on X n . This passage from connective spectra (or E ∞ -groups) to spectra should be thought of as an extra linearization step that is possible in a homotopical setting, turning additivity into stability. Using stability as the fundamental form of linearity is the starting point for the theory of Goodwillie calculus, which extends the notion of stability to give meaningful analogues to higher order approximations, derivatives and Taylor series for functors between ∞-categories.
The universality of the constructions X ↦ Σ ∞ + X can be understood in a way analogous to that of X ↦ ZX by working in a higher categorical setting. To this end we may organize the collection of spectra into an ∞-category Sp, which is presentable and symmetric monoidal. Applying the above logic we may replace the notion of an additive category by that of a presentable ∞-category which is tensored over Sp, that which coincides with the notion of being a stable presentable ∞-category. Given a presentable ∞-category D, there exists a universal stable presentable ∞-category Sp(D) receiving a colimit preserving functor Σ To a large extent, the favorable properties of ordinary cohomology are due to the fact that they are derived from a linear object, namely ZX. A key insight of stable homotopy theory is that this linearity, and the favorable properties that come with it, are shared by objects in any stable ∞-category. It is hence worthwhile, when studying a particular presentable ∞-category D, to look for invariants of objects which take values in a stable ∞-category, i.e. "linear invariants". If we restrict attention to linear invariants that preserve colimits (such as generalized cohomology theories), then there is a universal such invariant. This invariant takes values in the stabilization Sp(D), and associates to an object X ∈ D its suspension spectrum Σ ∞ + X ∈ Sp(D). Classical Quillen cohomology can then be replaced by an analogous construction where F(X) is replaced by Σ ∞ + X and the coefficients are taken in spectrum objects of D. In the case of spaces, this definition captures all generalized cohomology theories.
One may use the above construction to obtain even more refined invariants. Given an object X ∈ D, if X admits a map f ∶ X → Y then it can naturally be considered as an object in D Y . We may then obtain a more refined linear invariant by sending X to its corresponding suspension spectrum in Sp(D Y ). If we just have the object X itself, there is a universal choice for f , namely the identity map Id ∶ X → X. The corresponding suspension spectrum L X ∶= Σ ∞ + X ∈ Sp(D X ) is a linear invariant which determines all the others mentioned above. This invariant is called the cotangent complex of X. Given the cotangent complex L X , we may obtain invariants which live in the ∞-category of spectra by taking a coefficient object M ∈ Sp(D X ) and considering the mapping spectrum Map(L X , M ) ∈ Sp. The homotopy groups of these spectra form a natural generalization of classical Quillen cohomology groups. When X is a space, this generalization corresponds to twisted generalized cohomology (see e.g. [MS06, §20]), i.e. allowing coefficients in a local system of spectra on X. When X is an E ∞ -ring spectrum this form of cohomology is also known as topological André-Quillen cohomology (see [BM05] ), and plays a key role in deformation theory (see [Lur16] ).
An abstract cotangent complex formalism was developed in the ∞-categorical context in [Lur14, §7.3] . With a geometric analogy in mind, if we consider objects Z → X of D X as paths in D, then we may consider spectrum objects in D X as "infinitesimal paths", or "tangent vectors" at X. As in [Lur14] , we will consequently refer to Sp(D X ) as the tangent ∞-category at X, and denote it by T X D. Just like the tangent space is a linear object, we may consider T X D as a linear categorical object, being a stable ∞-category. This analogy is helpful in many of the contexts in which linearization plays a significant role. Furthermore, it is often useful to assemble the various tangent categories into a global object, which is known as the tangent bundle of D. This is the second in a series of papers dedicated to the cotangent complex formalism and its applications. In the previous paper [HNP16] we studied tangent categories and tangent bundles in a model categorical setting. The main result of [HNP16] was a comparison theorem, which identified the tangent model categories of operadic algebras with tangent model categories of modules. When the algebras take values in a stable model category this reproduces the comparison appearing in [Lur14, Theorem 7.3.4.13] .
The goal of the present paper is two-fold. Our first objective is to develop more of the cotangent complex formalism in the model categorical setting. This is done in the first part of the paper and includes, in particular, the relative counterparts of the cotangent complex and Quillen cohomology and their role in obstruction theory. We consider three classical cases -spaces, simplicial groups, and algebras over dg-operads -and analyze them with these tools. In particular, we obtain a description of the cotangent complex of a simplicial group, which, to the knowledge of the authors, does not appear in the literature. We finish the first part by formulating a general Hurewicz principle, which ties together various cases where necessary and sufficient conditions for a map to be an equivalence can be formulated using cohomology. The second part of the present paper is dedicated to the study of the cotangent complex and Quillen cohomology of enriched categories, and makes an essential use of the unstable comparison theorem of [HNP16] . Our main result can be formulated as follows:
Theorem 1.0.1 (3.1.16, 3.2.2). Let S be a sufficiently nice symmetric monoidal model category and let TS → S be the tangent bundle of S. Let Cat S be the model category of S-enriched categories. Then for every fibrant S-enriched category C we have:
(i) The tangent model category T C Cat S is naturally Quillen equivalent to the model category Fun S S (C op ⊗ C, TS) consisting of the S-enriched functors C op ⊗ C → TS which sit above the mapping space functor Map C ∶ C op ⊗ C → S.
(ii) Under this equivalence, the cotangent complex of C corresponds to the desuspension of the composite functor Σ
When S is stable the situation becomes simpler:
Corollary 1.0.2 (3.1.17, 3.2.4). Let S be as in Theorem 1.0.1 and assume in addition that S is stable. Then for every fibrant S-enriched category C the tangent model category T C Cat S is naturally Quillen equivalent to the model category of enriched functors C op ⊗ C → S. Under this equivalence, the cotangent complex of C corresponds to the desuspension of the mapping space functor Map C ∶ C op ⊗ C → S.
Applying Corollary 1.0.2 to the case where S is the category of chain complexes over a field one obtains an identification of Quillen cohomology of a dg-category C with the corresponding Hochschild cohomology, up to a shift.
When S is the category of simplicial sets, Cat S is a model for the theory of ∞-categories. In this case, the computation of Theorem 1.0.1 simplifies in a different way: Theorem 1.0.3. Let C be an ∞-category. Then the tangent ∞-category T C Cat ∞ is equivalent to the ∞-category of functors Tw(C) → Sp from the twisted arrow category of C to spectra. Under this equivalence, the cotangent complex L C corresponds to the constant functor whose value is the desuspension of the sphere spectrum. More
with the left Kan extension of the shifted constant sphere spectrum diagram from Tw(C) to Tw(D).
Recall that a map of simplicial sets is said to be coinitial if its opposite is cofinal. Theorem 1.0.3 then yields the following sufficient condition for a map of ∞-categories to induce an isomorphism on Quillen cohomology:
is coinitial, then f induces an equivalence on Quillen cohomology with arbitrary coefficients.
Combined with the Hurewicz principle discussed in §2.6, Corollary 1.0.4 implies that if f ∶ C → D is a map of ∞-categories such that Tw(C) → Tw(D) is coinitial then f is an equivalence if and only if it induces an equivalence on homotopy (2, 1)-categories Ho ≤2 (C) → Ho ≤2 (D). Examples and applications to classical questions such as detecting equivalences and splitting homotopy idempotents are described in §3.3.
The results of this paper and [HNP16] yield techniques which can be used for the study of Quillen cohomology of other higher categorical structures, such as (∞, n)-categories, ∞-operads, and enriched versions thereof. We plan to pursue this direction in future work.
The abstract cotangent complex formalism
The goal of this section is to study the cotangent complex formalism and Quillen cohomology in the model categorical framework described in [HNP16] . We begin by recalling and elaborating this basic setup in §2.1. In §2.2 we consider the spectral version of Quillen cohomology and study its basic properties. The next three sections are devoted to classical examples, namely spaces, simplicial groups and algebras over dg-operads. In particular, we obtain a description of the cotangent complex of a simplicial group which appears to be new, though most likely well-known to experts. For algebras over dg-operads we unwind the connection between Quillen cohomology and operadic Kähler differentials, and briefly discuss the relation with deformation theory. Finally, in §2.6 we propose a general Hurewicz principle based on the cotangent complex, which ties together various results on cohomological criteria for a map to be an equivalence.
Tangent categories and the cotangent complex
In this section we recall from [HNP16] the formation of tangent bundles and the cotangent complex in the model-categorical setting. Recall that in order to study tangent categories of model categories, one needs a method for associating to a model category a universal stable model category, usually referred to as its stabilization. Given a pointed model category M, there are various ways to realize its stablization as a certain model category of spectrum objects in M (see [Hov01] ). However, most of these constructions require M to come equipped with a point-set model for the suspension-loop adjunction (in the form of a Quillen adjunction), which is lacking in some cases of interest, e.g., the case of enriched categories which we will study in §3. As an alternative, the following model category of spectrum objects was developed in [HNP16] , based on ideas of Heller ([Hel97] ) and Lurie ([Lur06] ): for a nice pointed model category M we consider the left Bousfield localization Sp(M) of the category of (N × N)-diagrams in M whose fibrant objects are those diagrams X ∶ N × N → M for which X m,n is weakly contractible when m ≠ n and for which each diagonal square
is homotopy Cartesian. In this case the diagonal squares determine equivalences X n,n ≃ → ΩX n+1,n+1 , and so we may view fibrant objects of Sp(M) as Ω-spectrum objects. The existence of this left Bousfield localization requires some assumptions on M, for example, being combinatorial and left proper. In this case there is a canonical Quillen adjunction
and Σ ∞ sends an object X to the constant (N × N)-diagram with value X. While Σ ∞ X may not resemble the classical notion of a suspension spectrum, it can be replaced by one in an essentially unique way, up to a stable equivalence (see [HNP16, Remark 2.3 .3]). The flexibility of not having to choose a specific suspension spectrum model has its advantages and will be exploited, for example, in §3.2.
When M is not pointed one stabilizes M by first forming its pointification M * ∶= M * , endowed with its induced model structure, and then forming the above mentioned model category of spectrum objects in M * . We then denote by Σ
When M is a left proper combinatorial model category and A ∈ M is an object, the pointification of M A is given by the (combinatorial, left proper) model category M A A ∶= M A id A of objects in M over-under A, endowed with its induced model structure. The stabilization of M A is then formed by taking the model category of spectrum objects in M A A as above.
Definition 2.1.1. Let M be a left proper combinatorial model category. We will denote the resulting stabilization of M A by
and refer to its as the tangent model category to M at A. 
the derived suspension spectrum of A and will refer to L A as the cotangent complex of A. Given a map f ∶ A → B we will denote by
the homotopy cofiber of the induced map LΣ
The object L B A is known as the relative cotangent complex of the map f . We note that when f is an equivalence the relative cotangent complex is a weak zero object, while if A is weakly initial we have L B A ≃ L B .
Recall that any model category M (and in fact any relative category) has a canonically associated ∞-category M ∞ , obtained by formally inverting the weak equivalences of M. By [HNP16, Proposition 2.2.5] the ∞-category associated to the model category T A M is equivalent to the tangent ∞-category T A (M ∞ ), in the sense of [Lur14, §7.3], at least if A is fibrant or if M is right proper (so that M A models the slice ∞-category (M ∞ ) A ). In this case, the cotangent complex defined above agrees with the one studied in [Lur14, §7.3] .
For a map f ∶ A → B in M we have an induced adjunction (see [HNP16, Construction 3.1.4]): Let M be a proper combinatorial model category and let A ∈ M be an object. The compatible family of adjunctions Σ
) and assembles (see [HP15] ) into a map of model fibrations, i.e. a Quillen adjunction over M of the form
given by the diagonal and domain functors yields a Quillen adjunction
We refer to the derived functor of Σ ∞ ∫ as the global cotangent complex functor of M.
Remark 2.1.3. The tangent bundle TM can also be identified with a left Bousfield localization of the Reedy model structure on the functor category (N × N) * → M, where (N × N) * is obtained from N × N by freely adding a zero object, see [HNP16, §3] . Under this equivalence the tangent projection π ∶ TM → M is given by evaluating at the new base point * ∈ (N × N) * and the functor Ω
is given by restriction along the inclusion of the arrow (0, 0) → * in (N × N) * . When M is combinatorial and left proper, but not right proper, we will simply take this as the definition of TM, π and Ω ∞ ∫ respectively, keeping in mind that π is no longer a model fibration in general (see [HNP16, Remark 3.3 
.2]).
It is often the case that M is tensored and cotensored over a symmetric monoidal (SM) model category S. In favorable cases (e.g., when S is tractable, see [HNP16] ), the tangent bundle TM inherits this structure. This is particularly useful when discussing tangent bundles of functor categories. Indeed, if I is a small S-enriched category then we may consider the category of S-enriched functors Fun Remark 2.1.5. Since the equivalence 2.1.2 is an equivalence over Fun S (I, M), associated to every
where Fun S M (I, TM) denotes the category of S-enriched lifts
By transport of structure one obtains a natural model structure on Fun S M (I, TM), which coincides with the corresponding projective model structure (i.e., where weak equivalences and fibrations are defined objectwise).
Remark 2.1.6. Under the identification of Corollary 2.1.4 the global cotangent functor
is simply given by post-composing with the global cotangent complex of M. In particular, the cotangent complex L F of a functor F ∶ I → M, when considered as an object of Fun 
Spectral Quillen cohomology
The classical work of Quillen [Qui67] gives a way to define cohomology groups for objects in general model categories, using a derived construction of abelianization. These groups are now known as Quillen cohomology groups. In this section we consider Quillen cohomology and its basic properties in the setting of spectrum objects, rather than abelian group objects, and compare the two approaches. We will follow the ideas of [Lur14, §7.3], using model categories instead of ∞-categories. In particular, our description will use the model for spectrum objects discussed in the previous section.
Let us begin by recalling the original construction of cohomology groups due to Quillen. Given a model category M and an object X, consider the category Ab(M X ) of abelian group objects in M X . In favorable cases, the slice model structure on M X can be transferred to Ab(M X ) along the free-forgetful adjunction
Given an abelian group object M ∈ Ab(M X ), and a (possibly negative) integer n, Quillen defines the n'th cohomology group of X with coefficients in M by the formula
where k, m are non-negative integers such that m − k = n. To make sure that these cohomology groups are well-defined and well-behaved, Quillen imposes certain homotopical conditions on the model category Ab(M X ), including, in particular, the assumption that for every abelian group object M ∈ Ab(M X ) the canonical map M → ΩΣM is a weak equivalence (this property of Ab(M X ) is referred to as being linear in [Sch97] ). Equivalently, this means that the suspension functor associated to Ab(M X ) is derived fully-faithful. If we consider stabilization as a refined form of abelianization, we may attempt to define Quillen cohomology using the stabilization Sp(M X X ) instead of the abelianization Ab(M X ) = Ab(M X X ). Several arguments can be made in favor of this choice:
(1) Except in special cases, it is not easy to check whether the induced model structure on abelian group objects exists. Furthermore, even in cases where the transferred model structure does exist, the association M ↦ Ab(M) is not invariant under Quillen equivalences, and may generate unpredictable results. For example, if Cat is the category of small categories equipped with the Thomason model structure ( [Tho80] ) then Cat is Quillen equivalent to the model category of simplicial sets with the Kan-Quillen model structure. However, the underlying category of any abelian group object in Cat is automatically a groupoid, and hence its underlying space is 2-truncated, while abelian group objects in simplicial sets can have non-trivial homotopy groups in any dimension. (2) As we will see below, under the conditions assumed by Quillen, classical Quillen cohomology can always be recovered as a special case of the definition below, by restricting to coefficients of a particular type. The resulting subclass of coefficients is natural in some cases, but is very unnatural in others (e.g., when M is the model category of HZ-modules in spectra).
(3) In the case of the category S of simplicial sets, classical Quillen cohomology corresponds to taking ordinary cohomology with local coefficients, while spectral Quillen cohomology allows for an arbitrary local system of spectra as coefficients. In particular, spectral Quillen cohomology of spaces subsumes all generalized cohomology theories as well as their twisted versions, and can be considered as a universal cohomology theory for spaces.
Motivated by the above considerations, we now come to the main definition:
Definition 2.2.1. Let M be a left proper combinatorial model category and let X be a fibrant object. For n ∈ Z we define the n'th (spectral) Quillen cohomology group of X with coefficients in M ∈ T X M = Sp(M X X ) by the formula
where Map
is the (derived) mapping space. Similarly, if f ∶ A → X is a map in M, we define the relative n'th Quillen cohomology group of X with coefficients in M ∈ T X M by the formula
where L X A is the relative cotangent complex of the map f .
Let us now explain the relation between Definition 2.2.1 and Quillen's classical definition described above. Let M and X be such that the transferred model structure on Ab(M X ) exists and assume in addition that the stable model structures on Sp(M X X ) and Sp(Ab(M X )) exist, so that we have a commutative diagram of Quillen adjunctions
Definition 2.2.2. Let M ∈ Ab(M X ) be an abelian group object. We will denote by HM ∶= U Sp LΣ ∞ + M the image of the suspension spectrum of M in Sp(M X X ) under the forgetful functor U Sp ∶ Sp(Ab(M X )) → Sp(M X X ). We will refer to HM as the Eilenberg-MacLane spectrum associated to M . Proposition 2.2.3. Under the assumptions above, if for each M in Ab(M X ), the unit map M → ΩΣM is an equivalence (see [Qui67, 5.2]), then for every object M ∈ Ab(M X ) there is a canonical isomorphism of groups
Proof. Since the suspension functor on Ab(M X ) is derived fully faithful, it follows that Σ ∞ + ∶ Ab(M X ) → Sp(Ab(M X )) is derived fully-faithful. Given an object M ∈ Ab(M X ) we obtain a weak equivalence
Remark 2.2.4. In light of the above result, we will abuse terminology and henceforth refer to spectral Quillen cohomology simply as Quillen cohomology.
As with most cohomology theories, the formation of Quillen cohomology is contravariantly functorial. More explicitly, given a map f ∶ X → Y in M, we have a commutative square of right Quillen functors
and hence a map
on Quillen cohomology groups.
Classes in (spectral) Quillen cohomology admit a useful "geometric" interpretation in terms of small extensions, which we now recall. Let M be a left proper combinatorial model category and let X be a fibrant-cofibrant object. Let M ∈ Sp(M X X ) be an Ω-spectrum object over X. By adjunction, we may represent classes in H 
is a map in Sp(M X X ) whose domain is a weak zero object, we will call the induced map s
In particular, taking 0 ′ → M [n] to be a fibration, we can always work with weak 0-sections that are fibrations.
Definition 2.2.6. Let M be a left proper combinatorial model category, X ∈ M a fibrant object and
we will say that a square in M X of the form
exhibits Y α as a small extension of Y by M if it is homotopy Cartesian and s ′ 0 is a weak 0-section. In this case we will also say that p α is the small extension associated to α.
which can be identified with
We will say that the small extension p α is classified by the resulting element We consider the small extension p α as a geometric incarnation of the Quillen cohomology class [α] . However, one should note that in general the class [α] cannot be reconstructed from the map p α alone, with the following notable exception:
and p α is equivalent to the canonical map Ω
In this case we will say that p α is a split small extension. In particular, a split small extension admits a section up to homotopy. This is actually a necessary and sufficient condition: if p α admits a section up to homotopy then α factors up to homotopy through s 
We finish this subsection with the following result, identifying relative Quillen cohomology as the absolute Quillen cohomology in coslice categories. Given a map f ∶ A → X, we have an equivalence of categories (M A ) f f ≅ M X X identifying the slice-coslice model structures on both sides. Both the cotangent complex of X, viewed as an object in M, and of X, viewed as an object in M A , can therefore be viewed as objects of the same model category T X M.
Proposition 2.2.10. Let M be a left proper combinatorial model category and let f ∶ A → X be a map in M. Then the relative cotangent complex L X A ∈ T X M is naturally weakly equivalent to the (absolute) cotangent complex of X, considered as an object of the coslice model category M A .
Proof. Since M is left proper we may assume without loss of generality that f is a cofibration. We consider the pushout square
as a pushout square in M X X , where the maps to X are the obvious ones and the map X → A ∐ X is the inclusion of the second factor. Since we assumed f to be a cofibration it follows that the top horizontal map is a cofibration and since M is left proper we may conclude that (2.2.4) is a homotopy pushout square as well. Applying the functor Σ ∞ ∶ M X X → T X M and using the fact that X is a zero object in M X X we obtain a homotopy cofiber sequence in T X M of the form
Since the relative cotangent complex L X A is defined to be the homotopy cofiber of the map Σ
can be identified with the coproduct, in M A , of X with itself we may consider Σ ∞ (X ∐ A X) as a model for the cotangent complex of X ∈ M A , and so the desired result follows.
Corollary 2.2.11. The relative Quillen cohomology of X over A with coefficients in M ∈ T X M is isomorphic to the Quillen cohomology of X ∈ M A with coefficients in M .
Spaces and parametrized spectra
In this section we will discuss the notions of the cotangent complex and Quillen cohomology when M = S is the category of simplicial sets, endowed with the Kan-Quillen model structure. The underlying ∞-category S ∞ of S is a model for the ∞-category of spaces, and we will consequently refer to objects in S simply as spaces. Given a space X, the slice model category S X is Quillen equivalent to the category of simplicial functors C[X] → S out of its associated simplicial category, endowed with the projective model structure (see e.g., [Lur09, §2] ). By Corollary 2.1.7 it follows that Sp(S X ) is Quillen equivalent to Fun(C[X], Sp(S * )), whose underlying ∞-category is equivalent to the ∞-category Fun(X, Sp(S * ) ∞ ) of functors from X to spectra by [Lur09] . We may thus consider T X S as a model for the theory of parametrized spectra over
encodes the data of a family of Ω-spectra parametrized by X, where the Ω-spectrum associated to the point x ∈ X is the Ω-spectrum
and thus corresponds to the constant sphere spectrum over X. Given a parametrized spectrum M ∈ T X S, the n'th Quillen cohomology
is the set of homotopy classes of sections of the fibration Ω
In particular, for negative n's we may identify the corresponding Quillen cohomology groups with the homotopy groups of the space of sections Map
For every fibrant Ω-spectrum M the object Ω ∞ + M ∈ S X carries the structure of an E ∞ -group object in S X . The notion of a small extension X α → X of X by M (see Definition 2.2.6) then corresponds to the notion of a torsor under Ω ∞ + M . When M is a constant parametrized spectrum with value M 0 ∈ Sp(S * ) the associated E ∞ -group object splits as a product Ω
In this case we may identify small extensions by M with principal fibrations X α → X with structure group Ω ∞ + M 0 and identify the corresponding Quillen cohomology class with the classifying map X → BΩ
A case of special interest of Quillen cohomology and small extensions is the case where M comes from a local system of abelian groups. More precisely, let A ∶ Π 1 (X) → Ab be a local system of abelian groups on X and let n ≥ 0 be a non-negative integer. The association x ↦ K(A(x), n) determines a functor from the fundamental groupoid Π 1 (X) of X to the category Ab(S) of simplicial abelian groups. Alternatively, we may consider K(A(−), n) as a (fibrant) abelian group object in the functor category S Π 1 (X) (endowed with the projective model structure). Applying the relative nerve construction of [Lur09, Definition 3.2.5] (which is a right Quillen functor) we obtain an abelian group object K Π 1 (X) (A, n) in the category S N(Π 1 (X)) of simplicial sets over the nerve of Π 1 (X). Pulling back along the map X → NΠ 1 (X) we obtain an abelian group object
We may now associate to K X (A, n) its Eilenberg-Maclane spectrum HK X (A, n) ∈ T X S (see Definition 2.2.2), which, as a family of spectra, is the family which associates to x ∈ X the Eilenberg-Maclane spectrum corresponding to K(A(x), n). The (spectral) Quillen cohomology groups of this parametrized spectrum coincide with the classical Quillen cohomology groups of the abelian group object K X (A, n) by Proposition 2.2.3, and are given by the ordinary cohomology groups of X with coefficients in A (with a degree shift by n).
We also note that if p ∶ Y → X is a fibration whose homotopy fibers have non-trivial homotopy groups only in a single dimension n ≥ 2 then Y is a small extension of X by the Eilenberg-MacLane object HK(A, n) ∈ T X S, where A is the local system of abelian groups on X associating to a point x ∈ X the n-th homotopy group of the homotopy fiber of p over x.
Simplicial groups and equivariant spectra
In this section we will discuss the notions of the cotangent complex and Quillen cohomology when M = sGr is the category of simplicial groups, endowed with the model structure transferred from S along the free-forgetful adjunction. To begin, given a group G, we would like to describe the tangent model category T G (sGr) = Sp(sGr G G ) in reasonably concrete terms. For this, it will be convenient to use the Quillen equivalence between simplicial groups and reduced simplicial sets. Recall that a reduced simplicial set is simply a simplicial set with a single vertex. The category S 0 of reduced simplicial sets can be endowed with a model structure in which cofibrations are the monomorphisms and weak equivalences are the weak equivalences of the underlying simplicial sets (see [GJ09, VI.6.2]). One then has a Quillen equivalence (see [GJ09, 
is a Quillen equivalence and thus induces a Quillen equivalence on model categories of spectrum objects. To compute the stabilization of sGr G G , it will therefore suffice to compute the sta-
. This, in turn, can be done by comparing reduced spaces with pointed spaces. Indeed, we have a Quillen adjunction L ∶ S 0 → ⊥ ← S * ∶ R where L associates to a reduced simplicial set itself endowed with its unique base point and R is the reduction functor which associates to a pointed simplicial set the sub-simplicial set spanned by the n-simplices supported on * .
Lemma 2.4.1. For any reduced space X ∈ S 0 , a pointed fibrant space Y ∈ S * and a map LX → Y of pointed spaces, the counit map LR → id induces an equivalence of homotopy pullbacks Let us now consider the Quillen adjunction
where X + = X ∐ * is the free pointed space generated from X and U is the functor which forgets the base point. In particular, the composition ι = U ○ L ∶ S 0 → S is the natural inclusion. Given a simplicial group G let us denote by BG = ιW G and BG * = LW G, so that BG * is a pointed version of the classifying space of G and BG is obtained from BG * by forgetting the base point.
The following corollary provides a computation of the tangent category of sGr:
Corollary 2.4.2. Let G and X be as above. Then we have a diagram of Quillen adjunctions
in which the adjunctions marked with ≃ are Quillen equivalences. Composing all the equivalences of ∞-categories arising from Corollary 2.4.2, one may identify the tangent ∞-category T G (sGr ∞ ) = Sp(sGr G G ) ∞ with the ∞-category of functors from (the coherent nerve of) BG to spectra, i.e., with (naive) G-equivariant spectra, or just G-spectra for brevity. 
. We note that H is not necessarily an abelian group, but can be promoted from a group to an E ∞ -group. We also note that small extensions of G by M correspond to not-necessarily-split simplicial group extensions G → G with kernel H. When M ′ is a trivial G-spectrum, this can be considered as an E ∞ -analogue of the notion of a central extension.
Given a simplicial group G, we would like to compute the G-spectrum corresponding to the cotangent complex
. By naturality of Σ ∞ + , we find that the image of L G in T BG * S * is weakly equivalent to the cotangent complex of the pointed space BG * = LW G. Let BG = ιW G be, as above, the underlying space of BG * . Identifying T BG * S * ≅ T BG S we may consider the cotangent complex of X * as an object of T BG S. Proposition 2.2.10 then yields a homotopy cofiber sequence T BG S of the form
where x 0 denotes the corresponding object x 0 ∶ * → BG of S BG . In order to translate 2.4.2 to a homotopy cofiber sequence of naive G-spectra consider the triangle of Quillen adjunctions
in which the top horizontal Quillen pair is a Quillen equivalence, the right copy of i ! sends a space K to the free G-space on K, while the left copy of i ! sends it to K → * x 0 → BG. Passing to stabilizations, we obtain a triangle of Quillen adjunctions 
in which the horizontal adjunction is the Quillen equivalence between naive G-spectra and spectra parametrized by X appearing in Corollary 2.4.2. By abuse of notation let us write L G for the image of L G in Sp(S * )
BG . Sending the sequence (2.4.2) to its image in Sp(S * ) BG we now obtain a homotopy cofiber sequence
where S is the sphere spectrum with trivial G-action and S[G] is the free G-spectrum on the sphere spectrum. Indeed, Σ ∞ + (BG) is simply given by the constant sphere spectrum over BG, which maps to the sphere spectrum S with trivial G-action, while the commutativity of the above diagram shows that the object Σ
, which is the free G-spectrum on S.
Remark 2.4.4. Let G be a discrete group and M a G-module. We may then associate to M its corresponding Eilenberg-Maclane G-spectrum HM , and consider the Quillen cohomology groups of G with coefficients in M . The homotopy cofiber sequence (2.4.3) shows that these Quillen cohomology groups are related to ordinary group cohomology via a long exact sequence. More precisely, since Sp(S * )
BG is naturally enriched in Sp(S * ), mapping the cofiber sequence (2.4.3) into HM yields a homotopy fiber sequence of spectra
where Map h denotes the derived Sp(S * )-enriched mapping space functor. We may identify the homotopy groups of the middle spectrum with the cohomology groups of the space BG with values in the local system M , while the right most map is induced by restriction along {x 0 } ↪ BG. In particular, while the usual group cohomology H 
Algebras over dg-operads and their modules
Let C(Z) denote the model category of unbounded chain complexes over the integers, endowed with the projective model structure. The tensor product of complexes endows C(Z) with a symmetric monoidal structure which is compatible with the model structure. In particular, C(Z) is a symmetric monoidal (SM) model category.
Definition 2.5.1. A dg-model category is a model category M which is tensored and cotensored over C(Z).
Example 2.5.2. Let A be a Grothendieck abelian category A. Then the model category C(A) of unbounded chain complexes in A equipped with the injective model structure is a dg-model category.
Example 2.5.3. Let D be small dg-category (i.e., a category enriched in C(Z)). Then the functor category C(Z) D endowed with the projective model structure is a dg-model category. Similarly, any left C(Z)-enriched left Bousfield localization of C(Z) D is a dg-model category.
Remark 2.5.4. Let M be a dg-model category. Then the underlying model category of M is tensored over Z. It is then a classical fact that M is semi-additive, i.e., M has a zero object and the "identity matrix" map
is an isomorphism for every X 1 , ..., X n ∈ M. In this case, we will denote the zero object by 0 and the (co)product by ⊕.
Lemma 2.5.5. Let M be a dg-model category. Then M is stable.
Proof. By Remark 2.5.4, M is strictly pointed. It therefore suffices to show that the suspension functor is an equivalence. For each n ∈ Z, let Z[n] ∈ C(Z) be the chain complex which is the group Z concentrated in degree n. Then Z[n] is cofibrant and the functor
is the unit of C(Z) it follows that tensoring with each Z[n] is a left Quillen equivalence. We now claim that tensoring with Z[1] is a model for the suspension functor. Indeed, there is a natural cofiber sequence
where Z[0, 1] is the complex [Z → Z] concentrated in degrees 1 and 0. In particular, the
is a cofibration between cofibrant objects and the cofiber sequence is a homotopy cofiber sequence. It then follows that for each cofibrant X ∈ M the induced sequence
⊗ X is a homotopy cofiber sequence and Z[0, 1] ⊗ X ≅ 0 ⊗ X is a weak 0-object (see Remark 2.5.4). This homotopy cofiber sequence then naturally exhibits Z[1] ⊗ X as the suspension of X and so the desired result follows.
Remark 2.5.6. Although every dg-model category is stable, there are stable model categories that do not admit a Quillen equivalent dg-model category. Indeed, the homotopy category of any dg-model category is tensored over Ho(C(Z)) as a triangulated category, while an argument of Schwede shows that the homotopy category of spectra does not admit such a tensor structure (see [Sch08, Proposition 1, Proposition 4]).
Let us now consider a combinatorial dg-model category M, an admissible and Σ-cofibrant colored (symmetric) operad P and a fibrant-cofibrant P-algebra A ∈ Alg P ∶= Alg P (M). If the stable model structure on 
]).
Consequently, one may attempt to define the cotangent complex and Quillen cohomology of a P-algebra while working directly with Mod P A , without explicit reference to the stabilization process. Classically, the notions of the cotangent complex and the associated cohomology theory were indeed developed in this way (typically when M is the category of chain complexes over a field) using suitable operadic analogues of Kähler differentials and square-zero extensions (see [Hin97] , [GH00] , [Mil11] ).
In this section we will unwind the relation between the abstract definition of the cotangent complex and the concrete one using Kähler differentials in the setting of P-algebras taking values in a dg-model category M. We will then consider the example where M is the category C(k) of chain complexes over a field of characteristic 0 and P is a single colored operad, and show that in this case the functor which associates to every algebra its model category of modules can be integrated into a model fibration ∫ A∈Alg P Mod P A → M, which can serve as a concrete model for the tangent bundle. Finally, we will further specialize to the case where P is the commutative operad and briefly discuss the relation between the cotangent complex and deformation theory for commutative dg-algebras.
All operads appearing in this section are symmetric, and are furthermore colored until otherwise explicitly stated.
Definition 2.5.7. Let M be a symmetric monoidal dg-model category and let P be an operad in M. The reduction P red of P is the operad (with the same set of colors) which agrees with P in all arities ≥ 1 and has 0-objects in arity 0. In particular, P red -algebras are just non-unital P-algebras. We denote by η ∶ P red → P the natural inclusion.
Lemma 2.5.8. Let M be a symmetric monoidal dg-model category and let P be an admissible operad in M. Then the map η ∶ P red → P induces an equivalence between categories of augmented algebras
which identifies the model structures on both sides.
Proof. The functor η * aug sends an augmented P-algebra P 0 → A → P 0 to A× P 0 0 while η aug ! sends a P red -algebra B to P 0 → P 0 ⊕ B → P 0 . The fact that M is semi-additive (see Remark 2.5.4) implies that these two functors are mutual inverses. The description of η aug ! and the fact that ⊕ is the product in M show that η aug ! preserves (trivial) fibrations, which are just (trivial) fibrations in the base category M. Since η * aug clearly preserves (trivial) fibrations, it follows that the model structures on both sides are identified (in particular, P red is admissible as well).
If P is an operad in M and A is a P-algebra, then there exists an operad P A (with the same set of colors), called the enveloping operad of P, such that P A -algebras are the same as P-algebras under A (see e.g. [BM07], [HNP16, §4] ). We recall as well the operad P A 1 whose 1-ary operations are the same as those of P A and which has 0-objects in all other arities. In particular, algebras over P
Definition 2.5.9. Let M be a symmetric monoidal dg-model category, P an admissible operad in M and A a P-algebra such that P A 1 is admissible. We define the square-zero extension functor (−) ⋊ A ∶ Mod P A → (Alg P ) A to be the composition of right Quillen functors
We will refer to its left adjoint Ω A ∶ (Alg P ) A → Mod Unwinding the definitions, we can identify M ⋊ A ∈ Alg P A with the P-algebra M ⊕ A equipped with the square-zero P-algebra structure, which is determined by the property that for every collection of elements w 1 , ..., w n , w * in the color set W , the structure map
vanish on summands of the left hand side which have more than one factor from M , and are given by the A-module structure of M on the other components.
We are now in a position to relate the abstract cotangent complex to the notions of Kähler differentials and square-zero extensions:
Proposition 2.5.10. Let M be a symmetric monoidal combinatorial dg-model category and P a Σ-cofibrant operad in M. Let A ∈ Alg P be a fibrant-cofibrant algebra. Assuming that all the involved model structures exist, there is a commuting diagram of right Quillen functors
in which the right adjoints marked by ∼ are right Quillen equivalences.
Proof. The existence of the commuting square follows from the naturality of Sp(−), see [HNP16] , and the left vertical right Quillen functor is a right Quillen equivalence since Mod P A is stable, see [HNP16] . To show that the top horizontal right Quillen functor is an equivalence let K ∶ (Alg P ) A A → Mod 
Since the square-zero extension functor (−) ⋊ A ∶ Mod P A → (Alg P ) A A is right inverse to K it follows that the Sp((−) ⋊ A) is a right Quillen equivalence, as desired.
Corollary 2.5.11. Let M, P and A be as in Proposition 2.5.10. Then the image in Mod 
These groups are also known as operadic André-Quillen cohomology groups.
Let us now discuss the functor Ω
A in further detail. By definition, this functor is given in general by the composition of left adjoints
which is somewhat inexplicit. Given a map f ∶ B → A of P-algebras the commutative diagram of left Quillen functors
It is hence sufficient, in principle, to compute the module of Kähler differentials Ω A = Ω A (A) for a P-algebra A.
Let F ∶ M → Alg P be the free algebra functor. When B = F(V ) is a free P-algebra and the map F(V ) → A is induced by a map V → A in M, then for every A-module M we have natural identifications Example 2.5.13. Let P be a single colored operad in abelian groups and let A be a P-algebra in Ab (here we may consider Ab as equipped with the trivial model structure). Applying Ω A to the coequalizer sequence 2.5.3 and unwinding the definitions we obtain a description of Ω A as the free A-module generated by the underlying abelian group of A modulo the Leibniz relations. More explicitly, we may identify Ω A with the A-module generated by the formal elements d(a) for a ∈ A, modulo the relations
f (a 1 , ..., a i−1 , d(a i ), a i+1 , ..., a n ) for every a 1 , ..., a n ∈ A and n-ary operation f ∈ P(n).
Example 2.5.14. Let M be the model category of chain complexes over a field of characteristic 0 and let P be the commutative operad. In this case, the module Ω A of Kähler differentials of a P-algebra A can be explicitly tracked down as follows. First note that the image of Id A ∈ (Alg P ) A in (Alg P ) A A is given by A → A ⊗ A → A. The functor η * aug sends this object to the kernel I ⊆ A ⊗ A of the multiplication map A ⊗ A → A, considered as a non-unital commutative dgalgebra. Finally, the functor θ ! sends I to I I 2 , yielding the classical description of the module of Kähler differentials.
We shall now restrict our attention to the case where M = C(k) is the dg-model category of unbounded chain complexes over a field k of characteristic 0, equipped with the projective model structure. This assumption enables us to apply the theory of model fibrations developed in [HP15] to the functor which associates to every algebra its model category of modules, yielding a model for the tangent bundle of Alg P in the form of ∫ A∈Alg P Mod P A → M. This also allows one to present the global cotangent complex functor (see §2.1) in terms of Kähler differentials. For technical reasons we will assume that P is a single-colored operad, a condition which allows us to use the results of [Fre09] , although we expect in principle that all the results below should extend to the multi-colored case as well.
Recall that a map f ∶ A → B of P-algebras induces a Quillen adjunction
The association A ↦ Mod P A thus determines a functor Mod P ∶ Alg P → ModCat from P-algebras to model categories. The Grothendieck construction of this functor is the category ∫ A Mod P A whose objects are pairs (A, M ) where A is a P-algebra and M is an A-module. Morphisms are given by pairs (f, ϕ) where f ∶ A → B is a map of P-algebras and ϕ ∶ M → f * N is a map of A-modules (equivalently, the latter map can be encoded in terms of its adjoint
The resulting category of P-algebras and modules over them admits a simple description in terms of operads: to the operad P one may associate a 2-colored operad MP whose category of algebras Alg MP (C(k)) is naturally isomorphic to ∫ A Mod Proof. We first show that the functor Mod P ∶ Alg P → ModCat which sends A to Mod (1) sends a P-algebra to its enveloping algebra (i.e. the algebra of 1-ary operations of its enveloping operad), and LMod sends an associative algebra to its category of left modules. Since all objects in C(k) are cofibrant, it follows from [Fre09, 17.4. with a model structure such that the projection ∫ A∈Alg P Mod 
where the adjunctions marked by ∼ are Quillen equivalences. We may now compose the bottom Quillen pair with the diagonal adjunction Alg
[1] to produce a Quillen pair
The value of Ω P ∫ on a P-algebra A is simply the pair (A, Ω A ) ∈ ∫ A∈Alg P Mod The cotangent complex classically appears in the setting of commutative (dg-)algebras, where it plays an important role in deformation theory. We will finish this section by sketching the relation between first order deformations of (dg-)algebras and small extensions, which in turn are controlled by the abstract cotangent complex and Quillen cohomology (as discussed in §2.2).
Denote by CAlg = CAlg(C(k)) the model category of commutative dg-algebras over k. Let k[ε] be the dg-algebra obtained from k by adjoining an element ε of degree 0 satisfying ε 2 = 0 and d(ε) = 0. Then k[ε] ≅ k ⋊ k is a split square-zero extension of k (see Definition (2.5.9) and Example 2.2.7), and we may identify it with Ω ∞ + k ∈ CAlg k where k ∈ Sp(CAlg k k ) ≃ C(k) is considered as a chain complex concentrated in degree 0 (see Proposition 2.5.10). Indeed, the projection k[ε] → k fits into a pullback square of commutative dg-algebras (over k)
where
is the cone of k, consisting of two copies of k in degrees 0 and 1 respectively. Note that this square is in fact homotopy Cartesian, because the bottom horizontal map is a fibration. Now let R ∈ CAlg ≥0 be a commutative dg-algebra concentrated in non-negative degrees. A first order deformation of R is a cofibrant commutative k[ε]-dg-algebra R, which is concentrated in non-negative degrees, together with a weak equivalence
We shall now explain how one can consider first order deformations as small extensions. Since homotopy limits of dg-algebras are created by the projection to chain complexes and tensoring with R preserves finite homotopy limits, it follows that the functor (−) ′′ by the R-module R. We now observe that the map R ′′ → R is a weak equivalence in CAlg R ′ and hence we may in principle consider this data as a small extension of R by itself. We note that when R is cofibrant we may choose a homotopy inverse weak equivalence R → R ′′ and use it to obtain an honest small extension of R, but of course in general we do not expect the corresponding Quillen cohomology class to be realizable as an actual map out of R.
The above discussion shows that any first order deformation of R can be viewed as a small extension of R by R. A fundamental theorem of deformation theory refines this result, asserting that first order deformations of R in the above sense, considered up to a suitable notion of equivalence, are in fact in bijection with equivalence classes of small extensions of R by R, and are hence classified by the Quillen cohomology group H 1 Q (R, R). More generally, for every chain complex M one may consider first order deformations of R over the square-zero extension Ω ∞ M = M ⋊ k. These correspond to small extensions of R by R ⊗ M , and are classified by the Quillen cohomology group H 1 Q (R, R ⊗ M ).
The Hurewicz principle
The classical Hurewicz theorem asserts that a map f ∶ X → Y of simply connected spaces is a weak equivalence if and only if it induces an isomorphism on cohomology groups with all possible coefficients . One can extend this theorem to non-simply connected spaces by including cohomology groups with local coefficients. In this case one obtains that a map f ∶ X → Y is a weak equivalence if and only if it induces an equivalence on fundamental groupoids and an isomorphism on cohomology groups with all local coefficients. One way to prove this theorem is by applying obstruction theory along the Postnikov tower of Y . In this section we will study this procedure in the general context of spectral Quillen cohomology. We will identify sufficient conditions for a Hurewicz type theorem to hold in a general model category, and discuss three notable examples, namely spaces, simplicial algebras and simplicial categories.
Throughout this section let us fix a left proper combinatorial model category M. Let X be a fibrant object of M and let M ∈ Sp(M X X ) be a fibrant Ω-spectrum object. Consider a lifting problem in a diagram in M X of the form
where f ∶ A → B is a cofibration, X α → X is a fibration and the right square exhibits X α as a small extension of X by M . Factorizing the map 0
as a weak equivalence, followed by a fibration 0
, we find that the map X α → X is weakly equivalent (over X) to the
Replacing 0 ′ by 0 ′′ and X α by this pullback, we may (and will) therefore assume that the map 0
is a fibration and that the right square is Cartesian (hence homotopy Cartesian). In that case, finding the desired lift B → X α is equivalent to finding a diagonal lift in the square
The above square in M X is equivalent by adjunction to a square in Sp(M X X ) of the form
In particular, we obtain a map from the pushout Σ 
e. the space of null-homotopies of the map β. In other words, the space of derived lifts is equivalent to the homotopy fiber
which can be identified as the space of paths from β to the 0-map in the space Map
This space of paths is empty if β and 0 live in different path components (i.e. 
whose n'th homotopy group is isomorphic to the (−n)'th relative Quillen cohomology group H −n Q (B, A; g * M ).
Corollary 2.6.1. Let M be a left proper combinatorial model category and let f ∶ A → B be a map whose relative cotangent complex vanishes. Let p ∶ Y → X be a map which is an inverse homotopy limit of a tower of small extensions. Then the square
is homotopy Cartesian.
Proof. Clearly it suffices to prove this for the case where p is a small extension. We may assume that p is a fibration between fibrant objects and f is a cofibration.The desired result now follows from the fact that the square 2.6.1 admits a contractible space of lifts when the relative cotangent complex of f vanishes, as explained above.
Corollary 2.6.2 (The Hurewicz principle). Let L ∶ M → ⊥ ← N ∶ R be a Quillen adjunction with M left proper combinatorial, such that the following property holds: for every cofibrant X ∈ M the derived unit map X → RRL(X) is the homotopy limit of a tower of small extensions. Let f ∶ A → B be a map. Then the following are equivalent:
(1) f is a weak equivalence. Remark 2.6.3. More generally, let E be a class of objects in TM and suppose that for any X the unit map X → RRL(X) is the homotopy limit of a tower of small extensions, each of which is the base change of a map Ω ∞ + (0) → Ω ∞ + (E) with E ∈ E. Then a map f ∶ A → B is a weak equivalence if its image LL(f ) is a weak equivalence and if f induces isomorphisms on Quillen cohomology groups with coefficients from E.
Proof. It is clear that (1) implies (2), so assume that (2) holds. To show that f is a weak equivalence it will suffice to show that for any fibrant-cofibrant object X ∈ M the induced map
is a weak equivalence. Consider the commutative square
(2.6.2)
The bottom horizontal map is a weak equivalence by adjunction, since LL(A) → LL(B) is assumed to be a weak equivalence. By Corollary 2.6.1 the square is homotopy Cartesian, and hence the top horizontal map is a weak equivalence as well. ← L 1 M can be identified with the first Postnikov piece map X → P 1 (X). This map can be factored as an inverse limit of the Postnikov tower
Furthermore, for every n ≥ 1 the map P n+1 (X) → P n (X) is naturally a small extension of P n (X) by the Eilenberg-McLane spectrum object HK(π n+1 (X), n + 1) ∈ Sp(S Pn(X) Pn(X) ) (see §2.3), where π n+1 (X) is considered as a local system of abelian groups on P n (X) .
It follows that the adjunction M → ⊥ ← L 1 M satisfies the conditions of Corollary 2.6.2, and so we may conclude that a map f ∶ X → Y of spaces is an equivalence if and only if it induces an equivalence on first Postnikov pieces and an isomorphism on Quillen cohomology with arbitrary coefficients. By Remark 2.6.3, it is in fact sufficient to require f to induce an isomorphism on cohomology with local coefficients of abelian groups.
Example 2.6.5 (Hurewicz theorem for simplicial algebras). Let k be a field of characteristic zero and let M be the category of simplicial k-modules with its model structure transferred along the free-forgetful adjunction with simplicial sets. We note that M carries a natural symmetric monoidal structure given by levelwise tensor product of k-modules. Let P be a cofibrant operad in M. In [GH00] it is shown that any P-algebra A admits a Postnikov tower
in P-algebras such that for any n ≥ 0 the map P n+1 (A) → P n (A) is a small extension. Let L 0 Alg P (M) be the left Bousfield localization of Alg P (M) whose fibrant objects are the discrete simplicial P-algebras. It follows that the adjunction Alg P (M) → ⊥ ← L 0 Alg P (M) satisfies the conditions of Corollary 2.6.2 (note that Alg P (M) is proper by [Rez02] ), and so we may conclude that a map f ∶ A → B of P-algebras is a weak equivalence if and only if it induces an isomorphism of discrete algebras P 0 (A) → P 0 (B) and has a trivial relative cotangent complex, i.e., induces an isomorphism on Quillen cohomology with arbitrary coefficients. Since any operad in characteristic zero is homotopically sound (see [Hin15] ), the same result holds for any operad P in M.
Example 2.6.6 (Hurewicz theorem for simplicial categories). Let M = Cat ∆ be the proper combinatorial model category of small simplicial categories. Given a fibrant simplicial category C, let P n (C) ∈ Cat ∆ denote the "homotopy (n, 1)-category" of C obtained by applying the functor cosk n to every mapping object. Then C can be identified with the homotopy limit of the tower
and the map P n+1 (C) → P n (C) is a small extension for n ≥ 2 (see [DKS86, Proposition 3.2] and note Remark 2.2.8). We remark that the above tower may differ from the Postnikov tower of the simplicial category C, defined in terms of truncation. Since M is left proper and combinatorial we may consider the left Bousfield localization L 2 M of M whose fibrant objects are the fibrant simplicial categories whose mapping objects are 1-truncated (e.g., localize with respect to the maps 
be a square such that the map Y → X decomposes as a tower
where each f n ∶ X n+1 → X n is a small extension with coefficients in M n ∈ Sp(M Xn Xn ). Then the space Z of derived dotted lifts in 2.6.3 can be written as an inverse homotopy limit holim n Z n , where each Z n is the space of derived lifts of A → B against X n → X. The homotopy fibers of Z n+1 → Z n are spaces of derived lifts in squares of the form
We may then use the Bousfield-Kan spectral sequence E s,t r ⇒ π t−s (Z) to compute the homotopy groups of Z. The obstruction theory described above yields a description of the E 1 -page of this spectral sequence as
In particular, Quillen cohomology groups can be used as a computational tool to determine spaces of derived lifts (and in particular, mapping spaces in M). For example, when the tower (2.6.4) is one of the towers arising in Examples 2.6.4, 2.6.5 and 2.6.6, the spectrum objects M s are all Eilenberg-Maclane type spectra, constructed from the homotopy groups of the homotopy fibers of Y → X. In that case, if the relative Quillen cohomology groups of B over A are non-trivial only in two consecutive degrees then the spectral sequence has no non-trivial differentials and collapses at the E 1 -page. We will encounter such a phenomenon in Example 3.3.10.
Quillen cohomology of enriched categories
In this section we will turn our attention to the case where M is the model category Cat S of categories enriched over a sufficiently nice symmetric monoidal (SM) model category S. We will begin in §3.1 where we will use the unstable comparison result of [HNP16] in order to identify the tangent category T C Cat S at a given fibrant enriched category C in terms of lifts against the canonical projection TS → S. In §3.2 we will use this identification to give explicit calculations of relative and absolute cotangent complexes. In particular, when S is the category of chain complexes over a field, we obtain an identification of the associated Quillen cohomology in terms of the corresponding Hochschild cohomology of dg-categories, with a degree shift by one.
Another notable example of interest is when S is the category of simplicial sets, in which case Cat S is a model for the theory of ∞-categories. We will discuss this example in detail in §3.3, where we will also obtain a simple description of the tangent category T C Cat ∞ in terms of the twisted arrow category of C. Examples and applications to classical problems such as detecting equivalences and splitting of homotopy idempotents are discussed at the end of that section.
Stabilization of enriched categories
Throughout this section let us fix a SM model category S which is excellent in this sense of [Lur09, Definition A.3.2.16] and such that every object in S is cofibrant. Furthermore, we will fix the following two additional assumptions:
(A2) The unit object 1 S is homotopy compact in the sense that the functor π 0 Map h S (1 S , −) sends filtered homotopy colimits to colimits of sets. By [Lur09, Proposition A.3.2.4] (see also [BM13] , [Mur15a] ) there exists a combinatorial left proper model structure on the category Cat S of S-enriched categories in which the weak equivalences are the Dwyer-Kan (DK) equivalences. Our goal in this section is to identify the tangent model category Sp((Cat S ) C C ) at a given S-enriched category C.
Remark 3.1.1. In [Lur09, Remark A.3.2.17] it is asserted that the axioms of an excellent model category imply that every object is cofibrant. However, it was observed elsewhere that this claim is not completely accurate, and so we have included this additional assumption explicitly.
Remark 3.1.2. Assumptions A1 and A2 above are only used in order to establish that Cat S is differentiable. The reader who so prefers can replace these two assumptions by a the single assumption that Cat S is differentiable.
Definition 3.1.3. Let S be as above. We will denote by * ∈ Cat S the category with one object whose endomorphism object is 1 S . For A ∈ S let [1] A ∈ Cat S denote the category with objects 0, 1 and mapping spaces Map Definition 3.1.5 (cf. [BM07, 1.5.4]). Let O be a set and let W = O × O. Let P O be the Wcolored operad in S whose algebras are the S-enriched categories with object set O (also known as (S, O)-categories). More explicitly, P O is the symmetrization of the non-symmetric operad in S whose objects of n-ary operations are as follows: for n ≥ 1 the object of n-ary operations from (x 1 , y 1 ), (x 2 , y 2 ), ..., (x n , y n ) to (x * , y * ) is 1 S if x * = x 1 , y * = y n and y i = x i+1 for i = 1, ..., n − 1, and is initial otherwise. For n = 0 the object of 0-ary operations into (x * , y * ) is 1 S is x * = y * and is initial otherwise.
Remark 3.1.6. Since P O is the symmetrization of a non-symmetric operad it is automatically Σ-cofibrant.
By [Mur11, Theorem 1.3] (see also erratum in [Mur15b] ) the transferred model structure on Alg P O exists. Considering O as the discrete S-category with object set O we obtain an adjunction
where L interprets an (S, O)-category as an S-enriched category under O, and R sends an S-
We now claim that L ⊣ R is a Quillen adjunction. Since L clearly preserves weak equivalences, it will suffices to check that L preserves cofibrations, or equivalently that R preserves trivial fibrations. The latter follows from the fact that a trivial fibration of enriched categories in the model structure of [Lur09, Proposition A.3.2.4] always induces a trivial fibration on mapping objects.
Remark 3.1.7. Since L preserves and detects weak equivalences and (Cat S ) O is left proper it follows that Alg P O is left proper. In particular, P O is stably admissable and the enveloping operad P C O is stably admissable for any S-category with set of objects O.
Since the unit of L ⊣ R is an isomorphism for every object and R preserves weak equivalences it follows that the derived unit of L ⊣ R is always a weak equivalence. In particular, the derived functor LL is derived fully-faithful. The following lemma identifies its essential image:
Lemma 3.1.8. Let f ∶ O → C be an S-enriched category under O. Then the counit v C ∶ L(R(C)) → C (which is equivalent to the derived counit) is a weak equivalence if and only if f is essentially surjective.
Proof. It is clear that the counit v C ∶ L(R(C)) → C is always fully-faithful. The result now follows from the fact that v C has the same essential image as f ∶ O → C. Now let C be an S-enriched category and let O = Ob(C) be its set of objects. We may naturally consider C as a category under the discrete category O. The free-forgetful Quillen adjunction (Cat S ) O → ⊥ ← Cat S then induces an equivalence of categories
which furthermore identifies the slice model structures on both sides. Let
be the enveloping operad of R(C). We will denote by
Applying [HNP16, Construction 3.1.4] we obtain an induced Quillen adjunction
and hence an induced Quillen adjunction
Proposition 3.1.9. Let C be a fibrant S-category. Then the Quillen adjunction
is a Quillen equivalence.
The proof of Proposition 3.1.9 will require knowing that Cat S is differentiable, an issue we shall now address. Our first step is to verify the following:
Lemma 3.1.10. Weak equivalences in Cat S are closed under sequential colimits.
Proof. Let F ∶ N → Cat S be a functor and let C = colim n∈N F(n). Then we have Ob(C) ≅ colim n∈N Ob(F(n)) and for each x, y ∈ Ob(C) there exists a minimal n 0 ∈ N such that both x and y are in the image of F(n 0 ) → C. If we now choose x n 0 , y n 0 ∈ F(n 0 ) whose images in C are x and y respectively then we have
where for n ≥ n 0 we have denoted by x n , y n the images of x n 0 , y n 0 respectively under the map F(n 0 ) → F(n). Let us now consider a levelwise weak equivalence ϕ ∶ F → F ′ of functors N → Cat S and let f ∶ C → C ′ be the induced map on colimits. We need to show that f is a weak equivalence, i.e., essentially surjective and homotopy fully-faithful. The fact that f is homotopy fully-faithful follows from formula 3.1.4 since each ϕ n ∶ F(n) → F ′ (n) is homotopy fully-faithful and weak equivalences in S are closed under sequential colimits (since S is excellent). Let us now prove that f is essentially surjective. Let x ′ ∈ C ′ be an object. Then there exists an n ∈ N and an object x
It follows that the image of ϕ n (x n ) in Ho(C) is isomorphic to the image of x ′ n , and hence to the image of x ′ , as desired.
be a square in Cat S . Then 3.1.5 is homotopy Cartesian if and only if it is weakly equivalent to a square which satisfies the following three properties:
(1) For every x, y ∈ A the induced diagram on mapping spaces in homotopy Cartesian in S.
(2) The induced square of object sets is Cartesian. Proof. We first prove the only if direction. Observe that any homotopy Cartesian square satisfies (1). If a square as in (3.1.5) is homotopy Cartesian then, up to weak equivalence, we may assume that ϕ and ψ are fibrations with fibrant codomain and that A is the actual pullback, in which case the square satisfies (2) and (3) by [Lur09, Theorem A.3.2.24].
We now prove the if direction. Every map f ∶ C → D in Cat S can be functorially factored
→ D where f ′ is a weak equivalence and an isomorphism on object sets and f ′′ induces fibrations on mapping objects. In order to obtain such a factorization, apply the small object argument with respect to the maps
where A → B is a generating trivial cofibration in S. This factors f as a transfinite composition of pushouts of the trivial cofibrations
B (which are identities on objects), followed by a map which induces fibrations on mapping objects. In particular, given a square as in (3.1.5) which satisfies (1)-(3) above we may replace it with a weakly equivalent square which satisfies (1)-(3) and such that D is furthermore fibrant in Cat S . We may therefore assume without loss of generality that D is fibrant.
We now observe that if f ∶ C → D is a map such that Ho(f ) is an iso-fibration and D is fibrant then we may functorially factor f as C (1)- (3) can therefore be replaced by a weakly equivalent square in which both ϕ and ψ are fibrations, without changing the objects of any of the categories appearing in (3.1.5). The new square now satisfies (1)-(3) as well. We may thus assume without loss of generality that ϕ and ψ are already fibrations, in which case it will suffice to show that the induced map A → C × D B is a weak equivalence. But this map is homotopy fully-faithful and induces an isomorphism on objects by assumption, hence it is a weak equivalence.
Corollary 3.1.12. Cat S is differentiable as soon as S satisfies Assumptions A1 and A2 above.
Proof. In light of Lemma 3.1.10 it will suffice to show that the (relative) functor colim N ∶ (Cat S ) N → Cat S preserves homotopy pullbacks and homotopy terminal objects. We first note that an S-enriched category C is homotopy terminal if and only if Map C (x, y) is homotopy terminal in S for every x, y ∈ C. Since S is differentiable and weak equivalences in S are closed under sequential colimits it follows that homotopy terminal objects are closed under sequential colimits. The same statement thus holds for Cat S in view of formula 3.1.4.
We now need to show that colim N maps homotopy Cartesian diagrams to homotopy Cartesian diagrams. By Lemma 3.1.11 it will suffice to show that colim N preserves those squares satisfying properties (1)-(3) of Lemma 3.1.11. Property (1) follows from formula 3.1.4 and our assumption that S is differentiable. Concerning property (2) of Lemma 3.1.11, preservation by colim N follows from the fact that the functor C ↦ Ob(C) preserves colimits and that sequential colimits commute with pullbacks in the category of sets. For property (3) we first observe that the homotopy category functor Ho ∶ Cat S → Cat preserves sequential colimits, since 1 S is assumed to be homotopy compact. It will hence suffice to show that the class of iso-fibrations in Cat is closed under sequential colimits. Now note that the property of being an iso-fibration is simply the right lifting property with respect to the map η ∶ * → E, where E is the category with two objects in which all hom sets are singletons. The desired result then follows from the fact that both * and E are compact in Cat.
Having proven that Cat S is differentiable, we will prove Proposition 3.1.9 using [HNP16, Corollary 2.4.9]. To apply the latter corollary we need to verify that the derived counit of the
aug becomes an equivalence after looping finitely many times.
Lemma 3.1.13. Let C be a fibrant S-category and let
) ⊆ D is nothing but the full subcategory of D spanned by the image of f and that f ′ is just the map f with its codomain restricted. LetC ′ be the S-category sitting in the pullback
Since the right vertical map is (strictly) fully-faithful it follows that the left vertical map is fullyfaithful, and since the essentially surjective map i ∶ C →C factors as C i ′
→C
′ →C it follows thatC ′ →C is essentially surjective and hence a weak equivalence of S-categories. Now consider ′ are fibrations between fibrant objects it now follows that the top left square and the bottom left square are also homotopy Cartesian. Since the two right squares are homotopy Cartesian we may conclude that the external square is homotopy Cartesian, and so the desired result follows.
We have now gathered enough tools to establish Proposition 3.1.9:
Proof of Proposition 3.1.9. Apply [HNP16, Corollary 2.4.9]. The required conditions are satisfied in light of Corollary 3.1.12 and Lemma 3.1.13.
Having proven Proposition 3.1.9 we are now in a position to use the comparison result of [HNP16, Theorem 4.2.1] in order to compute the stabilization of Cat C C via the stabilization of Alg P C aug . For this it will be useful to recall the tensor product of S-categories ⊗ ∶ Cat S × Cat S → Cat S . By definition, if D and E are S-categories then D ⊗ E is the S-category whose object set 
Since P C is the symmetrization of a nonsymmetric operad, it is Σ-cofibrant (as well as stably admissable, by Remark 3.1.7). We therefore obtain from [HNP16, Theorem 4.2.1] that Sp(Alg
Unwinding the definitions, we see that the S-enriched category (P C ) 1 (i.e. the enveloping category of C) is the tensor product C op ⊗ C, and that the C-module C op ⊗ C → S associated to (P C ) 0 is just the mapping space functor Map C ∶ C op ⊗ C → S. Composing adjunction (3.1.3) with the augmented free-forgetful adjunction associated to (P C ) ≤1 → P C , we obtain an adjunction
From the above considerations, we can thus conclude the following:
Theorem 3.1.14. Let S be as above and let C be a fibrant S-enriched category. Then the adjunction
induced by (3.1.6) is a Quillen equivalence.
Remark 3.1.15. When S is the category of simplicial sets endowed with the Kan-Quillen model structure, a variant of Corollary 3.1.14 was described by Dwyer and Kan in [DK88, Proposition 6.3] (without an explicit proof). This variant pertained to simplicial categories with a fixed set of objects, and considered the corresponding category of abelian group objects, rather than stabilization. We note that when the set of objects is not fixed, the analogue of the above theorem for abelian group objects is false. For example, if C is a simplicial category and A is an abelian group then A × C is naturally an abelian group object in (Cat S ) C , but the associated functor C op × C → S is the trivial abelian group object of Fun(C op ⊗ C, S) Map C . One may consider this as an additional motivation to work with spectrum objects as opposed to abelian group objects.
Since every object in the enriching model category S is cofibrant, we have that S is tractable. By [HNP16, Corollary 3.3.3] we may conclude that the tangent model category TS is tensored and cotensored over S. Furthermore, by Remark 2.1.5 we may identify T Map C Fun(C op ⊗ C, S) with the category of S-enriched lifts
endowed with the projective model structure. To sum up, Theorem 3.1.14 can also be read as follows:
Corollary 3.1.16. Let S be as above and let C be a fibrant S-category. Then the tangent model category T C Cat S is Quillen equivalent to the model category Fun Let us now consider the special case where S is stable. Combining Corollary 2.1.7 and Theorem 3.1.14 we obtain the following:
Corollary 3.1.17. Let S be as above and assume in addition that S is stable. Then for every fibrant S-enriched category C the tangent model category T C Cat S is naturally Quillen equivalent to the functor category Fun(C op ⊗ C, S).
Remark 3.1.18. A prime example of Corollary 3.1.17 is when S is the category of chain complexes over a field, in which case Cat S is the category of dg-categories. In this case we may phrase the above computation as follows: the tangent model category T C Cat S is Quillen equivalent to the category of C-bimodules, also known as correspondences from C to itself.
The cotangent complex of enriched categories
Throughout this section, we will assume that S is an excellent model category with only cofibrant objects satisfying conditions (A1) and (A2) from the beginning of Section 3. Our goal in this section is to compute the cotangent complex
of an S-enriched category C, or, more precisely, its image under the right Quillen equivalence
of Theorem 3.1.14.
Proposition 3.2.1. Let C be a fibrant S-enriched category. Then there is a natural weak equivalence
In other words, under the equivalence of Theorem 3.1.14 we may identify the cotangent complex of C with the desuspension of the cotangent complex of Map C ∈ Fun(C op ⊗ C, S) Map C .
Corollary 3.2.2. Under the equivalence of Corollary 3.1.16, the image of the cotangent complex
is weakly equivalent to the desuspension of the composite functor
Proof. Combine Proposition 3.2.1 with Corollary 3.1.16 and Remark 2.1.6.
Before proceeding to the proof of Proposition 3.2.1, let us point out a few notable cases.
Corollary 3.2.3. Let S be the category of simplicial sets endowed with the Kan-Quillen model structure and let C be a fibrant simplicial category. Then the image of the cotangent complex
is the functor C op × C → TS which associates to each (x, y) ∈ C op × C the parametrized spectrum over Map C (x, y) which is constant with value S[−1].
When S is stable, Corollary 3.1.17 identifies the tangent category T C Cat S with the category of functors C op ⊗ C → S. In this case, Proposition 3.2.1 can be combined with Corollary 2.1.7 to give the following:
Corollary 3.2.4. Let S and C be as above and assume in addition that S is stable. Then the functor C op ⊗ C → S associated to the cotangent complex L C is the functor (x, y) ↦
A special case of interest is when S is the category of chain complexes over a field, in which case Cat S is the model category of dg-categories: The proof of Proposition 3.2.1 will require a few preliminaries. Let C be a fibrant S-category. Since the adjunction F C Sp ⊣ G C Sp of Theorem 3.1.14 is a Quillen equivalence it will suffice to construct a weak equivalence
(3.2.1)
To do this, we will make use of the tensor product of S-categories ⊗ ∶ Cat S × Cat S → Cat S . Recall that while ⊗ is a close symmetric monoidal product on Cat S , it is not compatible with the model structure. However, since every object in S is cofibrant, the functor (−) ⊗ C ∶ Cat S → Cat S does preserve weak equivalences and by [Lur09, Theorem A.3.5.14] it also preserve homotopy colimits. The unit of ⊗ is the category * ∈ Cat S which has a single object whose endomorphism object is 1 S . To avoid confusion, we warn the reader that * is generally not the terminal object of Cat S , unless 1 S is terminal in S. For any S-category C, the functor
preserves levelwise weak equivalences and suspension spectra. The functor 3.2.2 also preserves the following slightly more general class of equivalences:
Definition 3.2.6. For any model category M, a strong equivalence of suspension spectra is a map f ∶ X → Y in Sp(M) between suspension spectra such that f n,n ∶ X n,n → Y n,n is a weak equivalence for all n >> 0.
is a stable weak equivalence by [HNP16, Lemma 2.3.1]. We may therefore use L * ⊗ C as a model for L C .
We shall now show that the spectrum LF C Sp (L Map C ) appearing on (3.2.1) can also be obtained from a suitable spectrum object in (Cat S ) * * by tensoring with C. To do this we will first find another way to describe the functor 
is the S-enriched category whose set of objects is {0, 1} × Ob(C) and whose mapping spaces are given by
Composition of morphisms is defined using the functoriality of f in C op ⊗ C. This construction sends Map C to [1] S ⊗ C and λ therefore sends a functor under Map C to a functor under
which admits a natural map from Map C . It follows immediately from this description that ρ is a right Quillen functor. Now consider the induced adjunction on augmented objects
Since both λ and ρ preserve initial objects, the formulas for λ aug and ρ aug are the same as those for λ and ρ. It follows that both λ aug and ρ aug preserve weak equivalences between arbitrary objects, and thus can be applied without deriving.
To get from enriched categories over-under [1] S ⊗ C to enriched categories over-under C, note that the map [1] S → * induces a map p ∶ [1] S ⊗ C → C, associated to which is an adjunction
Here the left adjoint p 
and for x, y ∈ C whose images in D are x ′ , y ′ respectively we have
In particular, the value of the composite ρ aug (p *
, ι(y)) (as functors over-under Map C ). In other words, the diagram of right Quillen functors
commutes up to a natural isomorphism. It follows that the corresponding diagram of left adjoints commutes as well, i.e., we can write our functor F Lemma 3.2.7. There is an equivalence in Sp((Cat S ) C C ) of the form
as a spectrum object in (Cat S ) * * ).
Proof. Before taking suspension spectra, we may compute at the level of augmented objects:
The last equivalence follows from the preservation of homotopy colimits by (−) ⊗ C and the fact that [1] S → A is a cofibration. Since left Quillen functors commute with taking suspension spectra, we conclude that
as asserted. 
In particular, we have a stable equivalence
We are now in the position to prove Proposition 3.2.1.
Proof of Proposition 3.2.1. Having written both sides of (3.2.1) as the image of a spectrum object in (Cat S ) * * under tensoring with C, we see that in order to construct the natural equivalence of the form (3.2.1) it will suffice to construct a natural strong equivalence of suspension spectra (see Definition 3.2.6)
.
∼ S ∈ Cat S be the S-enriched category with objects 0 and 1 and all mapping spaces equal to 1 S ∈ S.
∼ S into a cofibration followed by a trivial fibration. Since the map * ∐ * → [1] S is a cofibration we get that the map * ∐ * → E is a cofibration. Because Cat S is left proper and
in (Cat S ) * * . We note that the S-enriched category * ∐ * ∐ * [1] S can be identified with the free S-enriched category generated by a single object and single endomorphism of that object, while * ∐ * ∐ * E is the free S-enriched category generated by a single object and single selfequivalence of that object. The map ν is the natural map between these two universal objects.
, it will now suffice to show that the map
is a strong equivalence of suspension spectra (see Definition 3.2.6). In fact, we will show that ν becomes a weak equivalence after a single suspension, or, equivalently, that for every D ∈ (Cat S ) * * the induced map
of pointed spaces becomes a weak equivalence after looping. For this it will suffice to show that (3.2.5) is a (−1)-truncated map of spaces (after forgetting the base point), i.e., that each of its homotopy fibers is either empty or contractible. In other words, we will show that the map * ∐ * ∐ * [1] S → * ∐ * ∐ * E is (−1)-cotruncated. To this end, observe that the latter map is the homotopy cobase change in (Cat S ) * * of the map [1] S ∐ * → E ∐ * , and so it will suffice to show that the map
Since η is a cofibration between cofibrant objects this is equivalent to the assertion that the fold map It will be useful to record the following enhanced version of Proposition 3.2.1, which allows one to compute relative cotangent complexes as well. We first note that the Quillen equivalence of Theorem 3.1.14 is natural in C. Indeed, if f ∶ C → D is a map of S-enriched categories and ϕ ∶ C op ⊗ C → D op ⊗ D is the induced map then we have a commutative square of Quillen adjunctions
Here f ! ⊣ f * , as in §2.1, is the adjunction induced on over-under objects by the identity adjunction of Cat S (see (3.1.2)), and ϕ ! ⊣ ϕ * is the adjunction induced on over-under objects by the restriction-left Kan extension adjunction Fun(C op ⊗ C, S) 
where the horizontal Quillen adjunctions are the Quillen equivalences of Theorem 3.1.14 associated to C and D respectively. We then have the following generalization of Proposition 3.2.1:
Then there is a natural weak equivalence
Proof. By Proposition 3.2.1 we have a natural weak equivalence
Sp is a Quillen equivalence we may consider instead the adjoint weak equivalence θ
. Using the commutativity of (3.2.6) we obtain a natural weak equivalence
Sp is a Quillen equivalence and G D Sp preserves weak equivalences we then obtain an adjoint equivalence
Corollary 3.2.9. Let f ∶ C → D be a map of S-enriched categories. Then there is a natural homotopy cofiber sequence 
Let us now exploit Corollary 3.2.9 to compute the cotangent complex of associative algebras in S. The functor L ∶ Alg(S) → (Cat S ) * of (3.1.1) sends an associative algebra object A to the pointed S-enriched category consisting of a single object whose endomorphism algebra is A. Adopting a similar notation as in Section 2.4 let us denote this pointed category by BA * = L(A) ∈ (Cat S ) * and denote by BA the underlying unpointed category of BA * . By the commutation of Σ ∞ + with left Quillen functors we may deduce that L A and L BA * have equivalent images in T BA Cat S , and by Proposition 2.2.10 this image can be identified with the relative cotangent complex of the base point inclusion * → BA.
We note that Fun(BA op ⊗ BA, S) ≅ BiMod A (S) can simply be identified with the category of A-bimodules. Let us denote the underlying A-bimodule of A by A and the underlying A-bimodule of A ⊗ A by A ⊗ A. Using Corollary 3.1.16 we may identify the tangent model category T A Alg(S) with the fiber of BiMod A (TS) → BiMod A (S) over the A-bimodule A. Applying Corollary 3.2.9 to the inclusion g ∶ * → BA we now obtain the following corollary:
Corollary 3.2.10. Let A be an associative algebra object in S. There exists a natural homotopy cofiber sequence
Proof. Let ϕ ∶ * → BA op ⊗ BA be the map induced by * → BA. Then ϕ ! ∶ S → BiMod A is just the free A-bimodule functor, and hence ϕ ! (1 S ) ≅ A ⊗ A. The result is now revealed as a particular case of Corollary 3.2.9.
Remark 3.2.11. When S is stable, the cofiber sequence 3.2.10 takes the form
which is the n = 1 case of the cofiber sequence appearing in [Lur14, Theorem 7.3.5.1] and in [Fra13, Theorem 1.1].
Example 3.2.12. When S = C(k) is the category of chain complexes over a field k, A is a discrete algebra and M is a discrete A-bimodule, the cofiber sequence (3.2.7) identifies the Quillen cohomology groups H n Q (A, M ) for n ≥ 1 with the Hochschild cohomology group HH n+1 (A, M ). For n = 0 we obtain instead a surjective map
Unwinding the definitions we see that H
is the group of derivations modulo the inner derivations, and f 0 is the natural map between these two types of data.
Example 3.2.13. Let S be the category of simplicial sets with the Kan-Quillen model structure. Then associative algebras in S are the same as simplicial monoids. As explained above we may identify the tangent model category T A Alg(S) at a given monoid A with the fiber of BiMod A (TS) → BiMod A (S) over the A-bimodule A. Unwinding the definitions we may describe such objects as parametrized spectra {Z a } a∈A over A, together with a suitably compatible collections of maps Z a → Z bac for b, c ∈ A. In other words, we may consider objects in T A Alg(S) as (A op × A)-equivariant parametrized spectra over A (in the naive sense). Under this identification, the right most term in 3.2.10 is the constant sphere spectrum a ↦ Σ 
Simplicial categories and ∞-categories
In this subsection we will consider in further detail the example where S is the category of simplicial sets endowed with the Kan-Quillen model structure. In this case Cat S is a model for the theory of ∞-categories, for which a well-developed theory is available, notably in the setting of Joyal's model structure on simplicial sets. We will use this theory to give a simplified description of the tangent ∞-category T C Cat ∞ at a fixed ∞-category C in terms of functors out of its twisted arrow category. As an application, we show how this description can be used to give an obstruction theory for splitting homotopy idempotents.
Recall from [Lur09] that we have a Quillen equivalence
where Set ∆ is the category of simplicial sets endowed with the Joyal model structure. If C is a fibrant simplicial category, then the counit map ε ∶ C(NC) → C is a weak equivalence, in which case the natural map ε Tw(NC) ) ∞ is equivalent to the ∞-category of functors from Tw(NC) to the ∞-category S ∞ of spaces, the above considerations can be summarized by the following corollary (taking into account Corollary 3.2.2):
Corollary 3.3.1. Let C be a fibrant simplicial category. Then the underlying ∞-category of T C Cat S is equivalent to the ∞-category of functors Tw(NC) → Sp(S ∞ ) = Spectra from the twisted arrow category of NC to the ∞-category of spectra. The cotangent complex of C is identified with the constant functor Tw(NC) → Spectra on the desuspension S[−1] of the sphere spectrum.
Corollary 3.3.2. Let F ∶ Tw(NC) → Spectra be a functor and let M F ∈ Sp((Cat S ) C C ) be the corresponding object under the equivalence of Corollary 3.3.1. Then the Quillen cohomology group H n Q (C; M F ) is naturally isomorphic to the (−n − 1)'th homotopy group of the spectrum lim F. In particular, if C is a discrete category and F is a diagram of Eilenberg-MacLane spectra corresponding to a functor F ′ ∶ Tw(C) → Ab, then the Quillen cohomology group H n Q (C; M F ) is naturally isomorphic to the (n + 1)'th derived functor lim n+1 F ′ . Remark 3.3.3. When C is a discrete category the cohomology theory associated to functors on the twisted arrow category is also known as Baues-Wirsching cohomology, see [BW85] . The relation between this cohomology and the (classical) Quillen cohomology of C as a discrete simplicial category with a fixed set of objects ( [DKS86] ) was already noted by Baues and Blanc in [BB11] , in the context of obstructions to realizations of Π-algebras.
Remark 3.3.4. When C is a simplicial category of the form BA for a fibrant simplicial monoid A the twisted arrow category Tw(NBA) can be loosely described as the ∞-category whose objects are the points a ∈ A and such that morphisms from a to a ′ are given by a pair of points b, c and a path from bac to a ′ in A. In this case we may identify functors from Tw(NBA) to spectra as (A op × A)-equivariant parametrized spectra over A (see Example 3.2.13). In the special case where A = G is a simplicial group the ∞-category NBG is a Kan complex and the projection Tw(NBG) → NBG is an equivalence. We may then identify functors Tw(NBG) → Spectra with (naive) G-equivariant spectra. Though this is consistent with the computation of §2.4, we warn the reader that the equivalence between the tangent category at G and G-spectra obtained in this way differs from the corresponding equivalence obtained in §2.4 by a shift. Indeed, given a spectrum object in sGr G G we may generate from it either a parametrized spectrum over the classifying space of G using the functor W , or a parametrized spectrum over the underlying space of G, by using the forgetful functor sGr → S. Identifying the forgetful functor with the objectwise loop of W we see that the fibers of the latter, which is used in the comparison above, are the shifts of the fibers of the former, on which the comparison of §2.4 is based. In particular, when A = G is a simplicial group the cofiber sequence of Corollary 3.2.10 reduces to a shift of the cofiber sequence 2.4.3 (see also Remark 2.4.3). Remark 3.3.7. The cofiber sequence of (3.3.1) can also be straightened to obtain a cofiber sequence of functors C(Tw(ND)) → Sp(S * ) of the form
where L ′′ D C is the straightening of the object L ′ D C appearing in (3.3.1) and S is the constant diagram on the sphere spectrum. Corollary 3.3.5 can be seen in this context by using the straightened ∞-categorical Quillen theorem A (see Remark 3.3.6), namely, the fact that a map is coinitial if and only if the left Kan extension of the constant diagram is weakly constant. ∼ S into a cofibration followed by a trivial fibration. Then the twisted arrow category of N([1] S ) = ∆ 1 is the "cospan category" * → * ← * (and is hence weakly contractible) and the twisted arrow category of NE is categorically equivalent to ∆ 0 (and is hence "strongly" contractible). It then follows from the ∞-categorical Quillen theorem A (see Remark 3.3.6) that the induced map Tw(∆ 1 ) → Tw(NE) is coinitial, and hence the map [1] S → E has a trivial relative cotangent complex by Corollary 3.3.5. Note that functors [1] S → C correspond to morphisms in C, and that such a functor extends to E up-to-homotopy if and only if the corresponding morphism is invertible. As in Example 2.6.6 let P 2 (C) be the homotopy (2, 1)-category of C, so that the map C → P 2 (C) can be decomposed as a tower of small extensions. Given a commutative square Corollary 2.6.1 implies that (3.3.3) has a contractible space of derived lifts. In particular, this yields an obstruction theoretic proof of the (well-known) fact that a morphism in C is invertible if and only if it is invertible in the homotopy (2, 1)-category of C. We expect that a similar result can be obtained concerning the question of when a morphism in an (∞, 2)-category admits an adjoint. of small extensions as in Example 2.6.6 one may use the spectral sequence of Remark 2.6.7 to compute the homotopy groups of Z. By the above computation it follows that if F is a functor from Tw(Idem) to spectra such that F(1) and F(f ) are spectra which have trivial homotopy groups in dimension ≠ n then H k Q (Idem, F) is trivial for k ≠ −n, −n − 1. Since the coefficient spectra appearing in the factorization of π are exactly of this form this implies that the spectral sequence cannot support any non-trivial differentials for degree reasons, and hence collapses at the E 1 -page. Furthermore, since the coefficient spectra appearing in the E 1 -term are all 2-connective we see that all terms in E 1 only contribute to π n (Z) for n ≥ 2, and there are only two terms which contribute to each π n . We may hence conclude that the spectral sequence converges and that Z is simply connected. Furthermore, the higher homotopy groups of Z can be written down explicitly in terms of the Quillen cohomology groups of Idem with coefficients in the homotopy groups of the homotopy fibers of π * ∶ Map C (x, x) → Map P 2 (C) (x, x) over the images of 1, f ∈ End Idem (x 0 ) in Map P 2 (C) (x, x) (and these Quillen cohomology groups themselves admit a very simple description, see above). In particular, every such partially coherent idempotent can be made fully coherent and every two fully coherent refinements are equivalent (even more, since Z is simply-connected every self-equivalence of a fully coherent refinement which induces the identity on the partial coherencies is equivalent to the identity). This also means that a homotopy idempotent Idem → Ho(C) = P 1 (C) can be made coherent if and only if it lifts to P 2 (C), i.e., if and only if h can be chosen so that (3.3.4) commutes.
